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Abstract—This paper is concerned with thermomechanics of slender rods by a direct approach based on the
theory of a Cosserat curve comprising a one-dimensional curve and a pair of directors attached to every
point of the curve. In all previous developments of the thermo-mechanical theory of rods by direct
approach, only one temperature field has been admitted. This allows for the characterization of temperature
changes along some reference curve, such as the line of centroids of the (three-dimensional) rod-like body,
but not for temperature changes across the rod cross section. A main purpose of the present study is to
incorporate the latter effect into the theory; and, in the context of the theory of a Cosserat curve, this is
achieved by a recent approach of Green and Naghdi[l,2] to thermomechanics which provides a natural
way of introducing more than one temperature field at each material point of the curve. Apart from full
discussion of thermomechanics of rods and thermodynamical restrictions arising from the second law of
thermodynamics for rods, attention is given to a discussion of symmetries (including material symmetries)
of rods which in a reference configuration are straight. The paper also contains a’detailed discussion of the
linear theory of straight, elastic, orthotropic rods, including the determination of the relevant constitutive
coefficients.

1. INTRODUCTION

This paper is concerned with thermomechanics of slender rods by a direct approach based on
the theory of Cosserat (or directed) curves. A Cosserat curve considered here is a body ®
comprising a one-dimensional curve (embedded in a Euclidean 3-space) and two directors (i.e.
deformable vectors) attached to every point of the curve.t The development of a complete
theory of a Cosserat or a directed curve with two directors begins with a paper of Green and
Laws[3] whose derivation is carried out mainly from an appropriate energy equation, together
with invariance requirements under superposed rigid body motions. A related theory of a
directed curve with three deformable directors at each point of the curve, developed in the
context of a purely mechanical theory and with the use of a virtual work principle, is given by
Cohen[4]. A further development of the basic theory of a Cosserat curve along with certain
general developments regarding the nonlinear and linear constitutive equations for elastic rods
is contained in the more recent work of Green et al.[5]. For clarity’s sake, we may recall that
the material curve of ® can be identified with a particular reference curve (often taken to be an
interior curve) in the three-dimensional rod-like body, e.g. the line of centroids of the cross
section of the rod in some fixed reference configuration; the directors at each point are regarded
as representing the material filaments across the reference curve, i.e. in the cross section of the
rod.

Throughout the previous developments of the thermo-mechanical theory of rods by direct
approach, only one temperature field has been admitted and this allows for the characterization
of temperature changes along the reference curve of the rod-like body. Some indication of how
temperature changes across the reference curve of the rod-like body could be dealt with has
been given in the paper of Green and Naghdi[6] by using three-dimensional approximations, but
no direct thermo-mechanical theory of rods with more than one temperature has been discussed
in the literature so far.

Although widespread use of the Clausius-Duhem inequalities has been made in three, two
and one-dimensional continuum thermodynamics, these inequalities have been subject to the

1The bod){ & is taken to model some of the properties of a three-dimensional body of rod-like character. When the directors
are absent it reflects the properties of a material curve appropriate for the construction of string theory.
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criticism that in some circumstances they do not reflect adequately ideas associated with the
Second Law of Thermodynamics. Green and Naghdi[l] have developed a new approach to
three-dimensional continuum thermomechanics which is independent of any particular mathe-
matical expression of the second law and which imposes some restrictions on the constitutive
assumptions leading to a reduction of a number of independent response functions (or
functionals) in the set of constitutive assumptions. In the present paper the same approach is
used for a Cosserat curve and this provides a natural way of introducing more than one
temperature field.t When the directors are absent, the theory reduces to that of a material curve
which may be a material curve surrounded by another continuum.

Specifically, the contents of the paper are as follows. Section 2 contains a concise summary
of the various basic results of the purely mechanical theory of a Cosserat curve with two
directors. With reference to thermal properties, in Section 3 we admit at each material point of
the curve of & a number of different one-dimensional temperatures and different one-
dimensional entropies, as well as related thermal fields; and, in parallel with one-dimensional
conservation laws for balances of mass and momenta, we postulate balances of entropy. Next,
we recall the balance of energy for the Cosserat curve; and, following the recent approach of
Green and Naghdi[1], after elimination of the assigned fields—i.e. assigned director forces and
external rates of supply of entropy—regard the resulting equation as an identity to be satisfied
for all thermo-mechanical processes. In Section 4, we briefly discuss thermoelastic theory of a
Cosserat curve on the basis of the new procedure in thermomechanics (see Section 3) and also
compare the results with earlier developments (see Green and Laws[3], Green et al.[S])
involving only a single temperature.

A new inequality representing the second law of thermodynamics for rods based on the
present authors’ earlier work (Green and Naghdi[l, 2]), along with restrictions on heat flux
vectors and the specific internal energy are obtained in Sections 5 and 8, respectively, while
Sections 6 and 7 contain a discussion of relevant results for rods obtained from the three-
dimensional theory. The last two sections, namely Sections 9 and 10, are devoted to a
discussion of symmetries (including material symmetries) for rods and the linear thermoelastic
theory of straight orthotropic rods. The developments in Sections 9 and 10 supplement our
earlier results by direct approach (Green et al.[7]) for thermoelastic rods in the presence of a
single temperature and previous values for constitutive coefficients in the linear theory.

2. SUMMARY OF MECHANICAL THEORY

In this section we summarize the main kinematics and the basic equations of the mechanical
theory of rods based on the work of Green and Laws[3] in the form developed by Green, et
al.[5]. Arod is a body ® comprising a material curve with two deformable directors attached to
every point of the curve. Let the particles of the material curve of & be identified with a
convected coordinate ¢ and let the material curve in the present configuration at time ¢ be
referred to as c. Let r be the position vector of ¢ and d, (a = 1, 2) the directors at r. A motion
of the rod is then defined byt

r= r(L t), da = da(la t)’ [dld283] > 0’ (2'1)

where
ay=ax({, 1) =9r/a 2.2)
is a vector tangent to the curve ¢ and the directors d, have the property that they remain

unaltered in magnitude under superposed rigid body motions. The velocity and director
velocities are given by

V=i 1),  We=d.(0), 23

where a superposed dot stands for material time derivative with respect to t holding ¢ fixed. In

tFor the purely mechanical theory, it is already clear how to extend the theory with more than two directors.
$The positive sign in (2.1); is taken for definiteness. Alternatively, it will suffice to assume that [d,d>a;]) # 0 with the
understanding that in any given motion the scalar triple product [d,d.a;] is either >0 or <0.
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the reference configuration of & which we take to be the initial configuration, let the material
curve of & be referred to by C and denote the initial position vector by R, the tangent vector to
C by A; and the initial directors by D,. Then,

R=R()=r((,0, Ay=As)=0R/3 =a(,0),

2.4
D, =D.{{) =4d,(Z,0).
We assume that the kinetic energy of the rod per unit length of ¢ is given by
T=%p(v-v+2y°”v~w,; +y*Pw, - wg), .5

where p = p({, t) is the mass per unit length of ¢ and the inertia coefficients y% = y®, y*f = yfo
are functions of { and independent of t. We define momenta per unit length of ¢, corresponding
to v and w,, as

aT aT
2y =P+ yPwe), aw, p(y*v+y“Pwp), (2.6)

respecitvely. In (2.5), (2.6) and throughout the paper, we use the summation convention for
repeated Greek indices over the values 1,2.

With reference to the present configuration at time t, for each part of ¢ between{ =a, { = 8
we postulate the equations of mass conservation, momentum, director momentum and moment
of momentum as follows:

d f * pds =0 27
d—f a pas =y, ( . )
d e o [
EJ' p(v+y®wg)ds =I pfds +[n].?, (2.8)
d [? Oa £ 12 _a 8
L[ o0ty ytwpyds = [ or -asi? a) ds +p7L2, 9)
d [# oo 8
5?[ p{r X (v+ y®Pwg)+d, X (y™v+y*Pwz)}ds =[ prxf+d, X1")ds +[rxn+d, xp°l.°,
(2.10)
where in the above integrals the limits are for values of { equal to a and 8,
ds=alfd, an=a;-a .10

and where we have used the notation

[f(&, 0P = f(B, 1) — fla, ).

Also, in (2.8) to (2.10) n=n{{, t) is the contact force and p* = p*({, t) are the contact director
forces,t each a three-dimensional field in the present configuration; f = £({, t) is the assigned
force and I* =1"(¢, t) are the assigned director forces, each a three-dimensional vector field and
per unit mass of ¢; 7w = w*({, t) are the intrinsic director forces which make no contribution to
the supply of momentum and to the moment of momentum.

Under suitable smoothness assumptions the field equations corresponding to (2.7)~(2.10) are

pasf = A ()= poAiF, 2.12)

onfal + At = A(V + y%wp), 2.13)

1If d, have the same dimensions as r, then n and p* have the same dimensions. On the other hand, if the directors are
chosen to be dimensionless, then p* are usually called contact director couples.



832 A. E. GREEN and P. M. NAGHDI

ap°1aL + AI* = ;= + A(y¥ v + y*Pwp), (2.149)
a3 Xn+Ad, X (1% — y*v—y*Bwg)+9m/a =0, (2.15)

where
m=d, Xp°, (2.16)

po=po({) is the reference density and As; = A; - A; is the dual of (2.11),.

3. THERMAL PROPERTIES. THERMODYNAMICAL THEORY OF RODS

In existing works on the theory of a Cosserat (or directed) curve, only one temperature field
is admitted and this is regarded as representing the temperature variation along some reference
curve, such as the line of centroids of the cross section of the rod-like body. Also, the effect of
the thermal boundary conditions on the major surface of the rod-like bodyt is incorporated into
the theory through the external curve rate of supply of heat. The variations of the temperature
across the rod cross section have not been modelled so far by a direct approach (within the
scope of the theory of directed curves), although some indications of how this could be effected
are implicit in some work on thermoelastic rods from the three-dimensional equations by the
present authors[6]. As already noted in Section 1, because of the new approach to ther-
momechanics of continua introduced recently by Green and Naghdi{1], it is now possible to
account in a more general manner for the thermal properties of a rod-like body in a direct
formulation based on a Cosserat curve.

Thus, at each material point of the material curve of &, we introduce scalar fields 8 = 6(¢, t)
and 0,,0y..ay = Oajay.an(( 1) (N =1, ..., K) representing the effects of temperature variation in a
rod-like body. The curve temperature 6, which we require to be positive (8 > 0), represents the
absolute temperature in the curve ¢ of the rod-like body, while the scalars 6,,,,,. ., account for
temperature variations across the cross section of the rod; the scalars 8, ,,.., are assumed to
be completely symmetric in the indices a), @, ..., ax which take the values 1,2 -only. Along
with the temperatures ¢ and 6,,,,. ., we admit the existencet of external rates of supply of heat
r=r({, 1), Fajay.ay = Tajapay($ £) per unit mass of ¢ and external rates of heat fluxes h, I?,,laz,_,aN
and A, ﬁ,,l,,z,,_,,,,, over each end section of the rod. Also, we assume the existence of internal heat
fluxes h=h({ 1), hajay.ay = Rajey.an((s t) along the rod at each point ¢, in the direction of
increasing ¢{, per unit length per unit time. Each function r4,a, ays- - - Hajas.ay 1S completely
symmetric in the indices ), as, . . ., an. The total external rate of supply of heat per unit mass
of ¢ is defined as

r+ % Taray..ans 3.1)

where the summation in (3.1) is over all values of a, a3 ...,an=1,2 and for all N =
1,2,..., K. Similarly, the total internal heat flux at the point { is defined by

h+ 5_;,] | 3.2)

We now define the ratios of the heat supplies r and 7,,q,...q, to temperatures 6 and 6, q,. .oy,
respectively, as s = s({, t) and Sqa;..ay = Sajay..ay({; t) and call these the external rates of supply
of entropy per unit mass of . Further, we define the ratios of #, A t0 8 and Ra,a, .ays fajay..ay tO
0 (as...n» TESPECtively, as the external entropy fluxes k £ k.alaz...aN9 fa,az,.,aN over the ends of the
curve c. Similarly, we define the ratios of & and A, q,.., to the temperatures 6 and 6, ., oy,
respectively, as the internal entropy fluxes k = k({, t) and ka4, _ap = Kayay..an(& 1) per unit length
of ¢, in the direction of increasing {. The above definitions may conveniently be summarized by

1The terminology of major surface refers to the surface specified by (6.4) in Section 6.
1The external rates of supply of heat 7 and 7,,4,....,, include contributions corresponding to heat fluxes on the major surfaces
of the rod. They are not the same as quantities defined with a similar notation in Green and Naghdi[6].
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s =n6, Sajay.ay = r"“”""""/oa'azmaw
’g= -/Oy k-alaz...th = Ea]az_,_aNlaalaz..-aN’ (3*3)
k= ’:/0, ﬁalaz---ﬂN = ﬁ““’z"'a"’/oa‘azmaw
k=hl8,  Keay.ay = Hajas..ax/Oasas..ax-

We require that the fields 5,0, ays Kayay..ans Karay.ays Kaar.ay defined by (3.3) all tend to finite
limits as 84,4, =0 foreach N=1,2,.. K.

In addition to the thermal fields already introduced, at each point of the material curve of ®
in the present configuration, we assume the existence of scalar fields n = n({, t) and 10,0y =
Najay..an($ t) called specific entropies and internal rates of production of entropies £ = £({, 1),
baiag.an = Exjay..apy({s 1) PEr unit mass of ¢, where 7,,ay..ay aNd {aas..qy are completely sym-
metric in the indices aj, aa, ..., an. The contributions of these internal rates of production of
entropies to the rate of production of heat is

0§ + ‘gv oaluz...aNgulaz...aN (34)

per unit mass.
We postulate balances of entropies for every material curve of ® occupying a part
a = { = B in the present configuration and writet -

B B
4 [ pnds = f ols + &) ds ~ [k1.%, (3.5)

d (# B
aJ' PNajay..ay ds= J’ p(sa]az...aN + galaz...uN) ds - [kalaz.A.aN]aﬂ' (3'6)

a

Under suitable smoothness assumptions it follows from (3.5), (3.6), (2.11); and (2.12) that

A =A(s+¢)— okla¢,

3.7
/\ﬁalaz..‘aN = A(~s'¢x|or2...az,,1 + falaz...aN) - akalaz...aN/a{'

We now introduce the first law of thermodynamics or the balance of energy for the Cosserat
curve R. This states that heat and mechanical energy are equivalent and that together they are
conserved for every part of the material curve of ®. Thus, with reference to the present
configuration, the balance of energy may be stated in the form

8 B
4 p e+-1-(v-v+2y°"‘v-wa+y""w,-w) ds=1] plr+ ), reaa+tt-v+1°-w,[ds
dt o 2 B -t 1ay...aN

a

B
+ [n v+ pa TWo — h- 2 h"‘l"z-'-aN] s (38)
a,N

a

where € = €(¢, t) is the internal energy per unit mass of ¢ and repeated indices are summed over
the values 1, 2. With the help of (3.7), (2.12)«(2.16) and under suitable smoothness assumptions,
the field equation resulting from (3.8) is

A (_ é+ 07] + EI;J omlaz...aN ﬁalaz...nN) —A (0§ + ZN oala2...aN§a|az...aN)

+ P - kaolol — ZN Keayar..cn 0arar.an 9 =0,  (3.9)

tA motivation for postulating (3.5)~(3.6) for balances of entropies is provided by consideration of derivations from
three-dimensional equations in Section 7.
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where the mechanical power P per unit mass of ¢ is defined by
P=n:av[al+n% w,+p° dw,/dL 3.10)

Introducing the Helmholtz free energy function ¢ = {{, t) per unit mass of ¢ by

y=e—0n— ZN Oaycry..con Mayrs.ons @3.11)

the energy equation (3.9) may be written in the alternative form

- (J/ 18+ 3 N 0) - ( o+ 05)

+ P —kd00L — Y Kaya..an Maar.an! 8¢ =0.  (3.12)
N

For a given Cosserat curve having a reference density p(¢), the field equations obtained
from the integral form of the conservation laws involve a set of (524K + 1XK +2) + 12 functions.
These consist of the deformation functions r, d, and the temperatures 8, 84,4, qy i-€.

{r.d., 6, 00y} (3.13)
the various mechanical and thermal fields, namely?

{ny pa’ ﬂa’ ks kmagman ‘1’7 N Nyay..ans §a gamz.“aw} (314)

and

{£,1%,5, Saap.anh (3.15)

We assume that the fields (3.14) are specified by constitutive equations which may depend on
the variables (3.13), their space and time derivatives, as well as the whole history of defor-
mation and temperature. We then adopt the following procedure in utilizing the conservation
laws:$

(1) The field equations are assumed to hold for arbitrary choice of the functions (3.13)
including, if required, an arbitrary choice of the space and time derivatives of these functions;

(2) The fields (3.14) are calculated from their respective constitutive equations;

(3) The values of the variables (3.15) can then be found from the balances of momenta
(2.13) and (2.14) and balances of entropy (3.7);

{4) The eqn (2.15) resulting from the balance of moment of momentum, and the eqn (3.12)
resulting from the energy equation, will be regarded as identities for every choice of (3.13). This
will place restrictions on constitutive equations.

We note that the quantities £ &0, an> 7 Meyar.ays ¥ May be arbitrary to the extent of

additive functions f, fa,az,,a”, fo faseans —O0f = Z Baiay anfaray.an, TESPECtively, where f,
a,N :

fajar.ay are arbitrary functions of the variables (3.13), their space and time derivatives and
functionals of their histories. The additive functions have the property that they make no
contribution to the differential equations for r, d,, 6, 6a,4,.., and the boundary and initial
conditions: They also make no contribution to the energy identity (3.12) and no contribution to
the internal energy e. We remove this arbitrariness by setting

F=RO.  faman = FaapanlO
(3.16)
.f= Os folaz...aN = 0-

1The density p is not included in (3.14) and (3.15) since, given (3.13), p can be calculated from (2.12).
tFor a more elaborate parallel discussion in the context of the three-dimensional theory, see Green and Naghdi{l, Section
2.
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Then, the functions £, £,q,..ay are determined uniquely and %, 7q,q,. oy are only arbitrary to the
extent of additive functions of £, independent of ¢. The functions f, £y a;..ay in (3.16) can then be
determined by specifying values for 1, 7,a,..«y in Some reference state.

So far no mention has been made of restrictions on constitutive equations which may arise
from some form of second law of thermodynamics, usually interpreted in terms of an “entropy
inequality”. Before considering this and in order to gain some insight into the nature of our
procedure described above we study in the next section the relatively simple case of an elastic
rod.

For later use, we record the expressions for the external work and the external heat supplied
to any part a ={=p of the curve of ¢ during the time interval t; <t =t,. First, however,
guided by the results of Section 4 we observe that in the case of an elastic rod the response
functions ¢, 7, Maja,.an, € depend only on the vectors a;, d., 3d,/d{ and the temperatures 6,
0c,a,..«y and are independent of their rates and the temperature gradients 36/3f, 36aa,...an/8¢-
Such an elastic rod will be regarded as nondissipative in a sense that will be made precise later;
and in conjunction with an expression for the external mechanical work supplied to any part
a ={=p of the curve ¢, will be used as a basis for establishing in Section 5 an inequality
representing the second law of thermodynamics for dissipative materials. Keeping this back-
ground in mind, we assume that the constitutive response functions for € 7 include also
dependence on the set of variables s, d,, 3da/, 8, Oa,a,..cp> 30/3L, 304 ay.ar /3¢ and their higher
space and time derivatives and refer to this set collectively as v. Further, let €', n’ denote the
values of €, 7, respectively, when the set v is put equal to zero in the response functions. Thus,
for example,

€ = €(a3,d,, 3do/3¢, 6, 840,...ap» V),
€' = €'(a3,d,, 3d,/3, 6, 04 a,..0y)
= €(a3, do, 04/, 0, 00 yay...ap, 0),
0 = (i3, duy 09l 0, 0, G 3013L, Bayay.an /3L, . ),

(3.17)

where the dots in (3.17); refer to the higher space and time derivatives of &, . . ., 0u,a,..ay- Then,
with the help of (2.12)~(2.14) and the integral of (3.8) with respect to time, we obtain

W = External mechanical work supplied to a part a ={ =g of the rod during the time
interval 1, =t =t,

(B
=f2{f p(f-v+l"-w‘,)ds+[n-v+p"-wa]a"}dt
t a

=AK+AE+ W+ W, (3.18)
and

¥ = External heat supplied to a part of @ =¢=p of the rod during the time interval
hWst=snh

7] B B
- f | { f o+ D) Fevean) 45 - [h +3 h]} dt

=—W-W, (3.19)

— (8 . '
W= _J f p(enl + 2 0“1“1~~~°Nn:l|uz...aN) ds dt
ty Ja &
t2 B 8
W,= f J’ pw ds dt, E= I pe ds, (3.20)
ty Ja N

]
K= J:, %P(V v +2y%V e w, +yPw, - wp)ds.
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The prefix A in (3.18) denotes the difference operations on functions and fields during the time
interval [¢;, 1;], e.g. AE = E(t;) — E(t;). Also, w in (3.20), is given by

Aw=P—-A(é—€N)—A ('1" + n;g' + ZN Najazan éalaz__,a,,)

== A[ =16+ 3 O~ by oo |

+(0g+ ) 05) + KOO0+ 3, Koo a3, (3.21)

(/” =€~ 07]’ - 2N oalaz...aN‘nzx]az...aN- (3~22)

4. THERMOELASTIC RODS

A thermoelastic theory of rods by a direct approach was given by Green and Laws[3] and
was developed further by Green et al.[7] and by Green et al.[5]. The previous work made use of
a one-dimensional Clausius-Duhem inequality and only one temperature field was considered,
which corresponds to the curve temperature 6 of the present paper. We consider now
constitutive equations for a thermoelastic rod which admits (1/2}(K + 1)(K +2) temperature
fields and we examine the restrictions imposed on these equations by the procedure described
at the end of Section 3.

We assume that the set of variables (3.14) are functions of

a3, da’ ada/aé 0: oalaz...aNy 30/(9{9 aoaIaz...uN/a{’ (4-1)
as well as the reference values
A3, Dm aDa/aL @ (42)

and in addition may depend also on the particle {. In the set of reference values (4.2), © is the
constant reference value of 6 and we have assumed that the reference values of 8,4, ay
(ea=1,2; N =1,2,...,K) are zero. Postponing the restrictions to be imposed by the invariance
requirements under superposed rigid body motions and recalling the procedure outlined in
Section 3, the energy eqn (3.12) is identically satisfied for all thermo-mechanical processes provided

575%%5 =0, 3—(50—% =0, 43)

¥ = §(a3, da, 3du/3(, 8, B yay..as Az, Dy 9D/, 85 0), (4.4)
nﬂf,% w"=Aaai, pe = a]% 4.5)

n=- (;—lg_', Najaz.ay — —3_0,,%’ (4.6)

N(06+ 3, Oursanrenon) +KOOIGE+ 3, Kars a0 =0, @)

where as indicated in (4.3), the function ¢ is independent of temperature gradients. It is
understood that 6,,., ., appears in ¢ only in a form which is completely symmetric in the
indices aja:. .. an. Formulae (4.5) and (4.6), with 6, ,,..o, absent, were obtained by Green et
al.[51t with the help of the Clausius-Duhem inequality. Alternative forms for the results
(4.4)«(4.6), have been given by Green and Laws[3] and by Green et al.[5] after making use of
invariance conditions under superposed rigid body motions. For later use we record one to

1In this paper p. 490, equation (7.5), should read p* = A3¢/ad...
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these alternative forms here and for this purpose we introduce the notations

di=a; hy=di-d;, Au=di-3dd/d¢,

) . s 4.8)
d -d; =8, h"=d'-d, h = det hy,
where Latin indices take the values 1,2, 3 and, from (2.1), we recall the condition
hllz = [dyd.d;s] >0, (49)

so that h' is a single-valued function of hy. For the duals of quantities in (4.8) defined relative
to a reference configuration, we employ the corresponding capital letters, e.g. Ai, Hj;, etc.

Under superposed rigid body motions the vectors as,d,, dd./d( become Qas, Qd.,
Q(3d./8¢), where Q is a proper orthogonal tensor function of the time, and the corresponding
value ¢* of the free energy response is given by

¥ = §(Qas, Qd, Q3da/3L, 6, Oy, .y s Az, Day DS, 5 ). (4.10)
Then, by (4.4), (4.10) and the invariance condition ¢ = y, we have

‘I;(Qab Qda’ Qada/az’ .. ) = !l;(a% dm ada/a{a . ) (411)

for all proper orthogonal tensors Q. It follows from Cauchy’s representation theorem that v
may be expressed as a different function of the inner products and scalar triple products of as,
d., 4d./3¢, namely the inner products (4.8),3 and

[dld2d3]1 [dle"’daIa{]’ [d1d3adala{]’ [d2d3ada/a£]a [dl/adlll’{addaa- (4. 12)

In view of (4.9), each of the scalar triple products in (4.12) may be expressed as a single-valued
function of h'? and (4.8),3 and hence of h; and A,:. Similarly, if instead of (2.1); or (4.9) we
made the choice [d;, dy, d3] <0 for all motions, then we may again reduce ¢ to depend.only on
hi, Aai, apart from the reference variables and temperatures. Hence, we may replace (4.4), by
the different single-valued function

¥ = GV, Kai 0, Bayaz..an’ As, Dy 3Daf3L, 8 0), @4.13)
where
Yi=hij—Hj  Kai = Aai — Agic 4.14)

Let a; be a set of base vectors with {a,a;a;] # 0 and let a’ be their reciprocals. The base vectors
a; ordinarily will be taken to be orthogonal but this is not essential at this point in our
development. It is now convenient to introduce the component forms of the kinematic variables
d;, d' and of the kinetic variables relative to the base vectors a; or a'. Thus, we write

d = d,-;aj = d,-fa,-, d= dijai = di}ajy

) ) ) (4.15)
ﬂ=n‘aj, 11,a=,n,mai’ pa =pmai-
It then follows from (4.5), (4.6) and (4.13) that
i vi ali’ o i Yy U Vi a‘i;
dsi - v3 = Y, d i _d3l' v, "= s
(n'=ApH)=2 pro n AP = A e
Bl i _ ) @pvi e Bi _ )y BV} — a";
d i(ﬂ Aup )+d l('n' Au,p )"4/\ ay ’
8 (4.16)

pai = Adji,

__% ___W
n= 30° Nayay...ay 20

3y
I’

ajf

@1a...aN



838 A. E. GReEN and P. M. NaGHDI

and in evaluating (4.16),,3, ¢ is regarded as a function of Y33, Ya3 and (1/2)(Yap + ¥s.). The
results (4.16) are equivalent to (7.40) in Green et al.[5]; those in Green and Laws[3] are a
special case of (4.16) when d; = a;, apart from some changes in notation and definitions.

With the help of (2.14) and (2.16), the moment of momentum equation (2.15) can be
expressed in the form

asxXn+d, X w® +(8d,/8L) X p* = 0. 4.17)

This equation is identically satisfied by the expressions (4.16). This implies that the only
relevant field equations are (2.13) and (2.14).

In a similar manner, with the help of invariance conditions under superposed rigid body
motions, the entropy flux functions k, ks, o, may be reduced to depend on the variables
displayed in (4.13).

With the help of (4.5) and (4.6) we see that the expression for w in (3.21) is zero and the
external mechanical work % and external heat supplied # in (3.18) and (3.19) reduce to

W=AK+AE'+W 4.18)
and
*=-W, (4.19)
where
B
E' = L pe’ ds (4.20)

and K and W are defined in (3.20).

5. THE SECOND LAW OF THERMODYNAMICS

Previously, in the context of the three-dimensional theory, Green and Naghdi[l, 2] have
discussed the nature of thermodynamic irreversibility arising from a mathematical inter-
pretation of a statement of the second law namely that “it is impossible completely to reverse a
process in which energy is transformed into heat by friction”. Here we follow the same
procedure and reconsider a mathematical interpretation of a second law appropriate for a direct
theory of rods which admits more than one temperature field. In earlier works{3,5], a
Clausius-Duhem inequality was used and only one temperature field was admitted.

The state of a rod at time t which is regarded as representing a thin rod-like three-
dimensional body, is described by the position vector r and the directors d,, the velocities v, w,,
the temperatures 6, ,,4,.., (N =1,2,..., K) throughout the curve c, together with the con-
stitutive response functions for the fields (3.14). A thermo-mechanical process or simply a
process is a time sequence of states: it is a continuous oriented curve in the space of states, i.e.
the (8, 0u,a,..ay» Hij; Aai) space. Thus, a process may be specified by a sequence of values of

r, das 0: Oalaz..‘aN (5.1)

on ¢ in the time interval 0 =t =o¢. Similarly, the reverse process is a process defined by a
sequence of values of (5.1) on ¢ in the time interval o =t = 2¢ subject to the conditions

r(t)=rQ2o0 —1t), d.(t)=d. 20 - 1),
(1) =020 —1),  Oajay.an(t) = Oajay.ay(20—1).

5.2)

In any process the work done by the external mechanical forces acting on a part @ = ¢ = 8 of
c, and given by (3.18), is a positive or negative depending on whether the external work is
supplied to, or is withdrawn from, the part. In general, some of the work done results in a
change of the kinetic and internal energies represented by the first two terms on the right-hand
side of (3.18);, each of which may be positive, negative or zero. Also part of the work done may
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be positive with a corresponding absorption of heat by the part « ={ =8 or negative with a
corresponding absorption of heat by the part. We note that in the case of an elastic material the
different contributions to %" will vary in sign depending on the process and will not be restricted
to be either positive or negative for all processes. Consider any process in the time interval
0=t =0 and its reverse process in the time interval o =t = 2¢. If the process is reversed in
such a way that at the end of the process and its reverse process the elastic rod has returned to
its original state with A9 =0, A,.,.. oy =0, Ah; =0, AA,; =0, Av=0, Aw, =0 and, hence,
Ae=0, An=0, ANgoy.ay=0, A6=0, Ay, oy =0, An=0, Ap”" =0, Aw" =0, Ak=0,
Akyyay..ay = 0and AK =0, AE =0, then all the work done in the process is recovered as work in
the reverse process.t This recovery of work would not be possible if in every arbitrary process
part of W always has a positive sign. With this motivation in mind, we assume that for any
arbitrary process in a dissipative rod only part of the work done is recoverable as work in the
reverse process, the rest being transformed into heat. We therefore assume that in every
process part of the work done is always nonnegative. Then, if at the end of any process and its
reverse process the rod has returned to the same state, some of the work done is always
transformed into heat. Recalling that %" = 0 in (3.18) in the case of an elastic rod, we interpret
the above assumption for a dissipative rod by requiring that

W.z0 (5.3)

for all parts of ¢ and all processes, where % is given by (3.20). Since t), ¢, are arbitrary and w
has already been assumed to be continuous, it follows that

Aw=P-A(é—~¢é)~ ,\(J/ +0'0+ Y n;,,z.__aNéa,uz,,,aN) =0 (5.4)
a,N

for all thermo-mechanical processes. Also, from (3.19) and (5.4), we have

2 (B
105 [ [ A0+ 3, O i) s (5.5)
4H o a,N

so that the external heat supplied to any part of ¢ is bounded above in any process.

6. SUMMARY OF RESULTS FROM THREE-DIMENSIONAL MECHANICAL THEORY

Consider a three-dimensional body, embedded in Euclidean 3-space, and let its particles be
identified by convected coordinates {' (i = 1,2, 3). Let r* denote the position vector, relative to
a fixed origin, of a typical particle of the three-dimensional body in the present configuration at
time ¢t. Then,

r* = r*((l, {2’ {3, t), g, - ar*/a{i’ V* = l"*, 1)
. . o .
k=8 '8 g &=8&, gt=g-g, g=detg,

where g and g' are covariant and contravariant base vectors, respectively, g, and g* are
covariant and contravariant metric tensors, respectively, and &' is the Kronecker delta. Also a
superposed dot dentoes material time derivative holding ¢’ fixed and v* is the velocity vector.

The stress vector t across a surface in the present configuration whose unit outward normal
is »* may be expressed in the form

t=viTlg=ptr*g, v*=ytg =¥, 6.2)

where 7* are the contravariant components of the symmetric stress tensor. We do not recall
here the consequences of the conservation laws of the three-dimensional theory since they will
not be needed in the preent paper.

The parametric equations {* =0 define a curve in space at time ¢t which we assume to be

11f work is extracted in the process then it is absorbed by the rod in the reverse process.
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smooth and which we identify with the curve c¢. Any point of ¢ is specified by the position
vector r relative to the same fixed origin to which r* is referred, where

r=r((, ) =r*0,0,,,t), {’=¢ (6.3)

Let the boundary of the three-dimensional region occupied by the body at time ¢ be specified by
the material surface

FL30=0 (6.4)

and by the surfaces { = «, 8. The surface (6.4) is such that { = constant are curved sections of
the body bounded by closed curves on this surface.

Suppose now that r* in (6.1); is a continuous function of ', t and has continuous space and
time derivatives of order 2 in the bounded region lying inside the surface (6.4) and between
{=a,B. Hence, to any required degree of approximation, r* may be represented as a
polynomial in ¢', ¢ with coefficients which are twice continuously differentiable functions of
¢, 1. Instead of considering a general representation of this kind, we restrict attention here to the
approximation

r*=r(, )+ %d. (¢, 1), 6.9

Given the approximation (6.5) it is known (see, e.g. Green and Naghdi[6]; Green et al.[7]) that
the field equations of the forms (2.12) to (2.15) can be derived from the three-dimensional
equations provided we identify d,, in (6.5) with (2.1); and adopt the definitions

pafi=A =”u dg'dsl,  p=p*e=p 0,
(6.6)
w? = [ [ e ag ag
and
n=”T’d;‘d§2, w“=”1" dgtded,

pa = ff {GTS d{2 d£2, (67)

where p* is the three-dimensional mass density and the integrals are taken over any surface
¢ = constant bounded by (6.4). For some purposes it is convenient to define the curve ¢' =0,
¢*=0 in relation to the surface (6.4) so that y* =0, but this is not essential. The assigned
forces f,1* are related to the three-dimensional body forces f* and to the effects of the stress
vector (6.2); over the boundary surface (6.4) by

u=”ur* d¢’ d;2+‘ig[(T'—A*T’>d{2—(T2—A”l")d£‘L

(6.8)
Al” = f j uf*gedgtdgt+ § U - AT A~ (TP - AT dg,
where the line integrals are taken along the curve
{=const, F(',%0=0, 6.9
A=A -g" and
A=A%g, +g (6.10)

is a vector tangential to the survace (6.4) so that

Av*=A%*+5=0. (6.11)
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7. THERMODYNAMICAL RESULTS FROM THREE-DIMENSIONAL THEORY

In this section we obtain some thermodynamical results for a rod-like body on the basis of
the recent thermodynamical theory of Green and Naghdi[l]. Thus, along with the three-
dimensional temperature field 6* = 9*({’, t) >0 we admit the existence of an external rate of
supply of heat —h* per unit area acting across the boundary a®* of a region of space ®R*
occupied by the body in the present configuration at time ¢. Also we assume the existence of an
internal surface flux of heat — h* = — h*({, t; »*) per unit area across each surface 6%* which
is the boundary of an arbitrary part #* of ®*. We define the ratio of the heat supply r* to
temperature 6* as s* = s*(¢',t) and call this the external rate of supply of entropy per unit
mass. Similarly, we define the ratios of #* and h* to temperature, respectively, as the external
rate of surface supply of entropy k* per unit area of 3%* and the internal surface flux of
entropy k* = k*({', t; »*) per unit area of 3P*. Thus

r¥=0%s*  h*=0%** = h*=0** (7.1
In addition, throughout ®* we assume the existence of a scalar field n* = n*(¢,t) per unit
mass, called the specific entropy and an internal rate of production of entropy &* = £%({', t) per

unit mass. The contribution of the latter to the rate of production of heat is 6*£* per unit mass.
We recall the balance of entropy in the form

;—J' p*n*dvr—j p*(s*+§*)dv—f k*da 7.2)
tJg+ P ap

for every material volume occupying a part 2* in the present configuration. It follows that k* is
linear in »*, i.e.

k* = p* - p*, p* = p*igi’ .3)

where p* is the entropy flux vector. Then, from (7.1) and (7.3), h* = 9*p* - »* and we may
define the heat flux vector g* by

q* = 6*p*. (7.4
With the help of (7.3), the field equation corresponding to (7.2) is

p*n* = p*(s* + £%) - div p*, (1.5
where

div p* = g"a(p**g'?) /5, (1.6)

Multiply (7.5) by {*'{*?...{*¥ and integrate over an arbitrary part * in the present configura-
tion. After using (7.3) and some straightforward manipulation, we obtain

d% L PR N do = L‘ pH(s*+ENLNge .. N do - L kg g da
ol I Y S Y S LU %)

We now suppose that #* is a region bounded by the surface (6.4) and by { = a, 8. Then for
a rod-like body, from (7.2) and (7.7) we may derive the balance equations (3.5) and (3.6) without
any approximations provided we make the following identifications:

an= [ A4 My = [ e o agtag, (1.8)

AS = ff ps* dgtdg? —fk*g”z[(v*' — A% d{z—(v*z— AZp*Y) aeh, 1.9
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Msaroon = [ 300 g2 g g

- f k*gl/zg"'l{ﬂz . {ﬂN[(V*l ~A 11,*3) d£2_(y*2 _AZV*S) d{I], (7.10)
A§=ff#§* d¢'dg, (7.11)

Moo = Mo + [ [ T 1o agt o

(7.12)
M = [ [ 870 050 gt prongs pnag ag,
k= ff k*(gg33)1/2 d{l dgz = fjp*3g1/2 d{l d{Z’
N | e SIS (.13)

— f[p*3gl/2£a| . {aN d{l dCZ
We also recall the three-dimensional equation for the conservation of energy, namely

S Grevret)orao- f (s*6%+£* - v)p* do + f (v ~k*0%)da, (7.14)
tJpe \2 P+ ap*

where €* is the internal energy density. Suppose in addition to the approximation (6.5) for the
displacement vector, we adopt the approximation

0¥ =0+ 2 Ouaanl L. LN, (6>0) (7.15)
a,N

for the temperature field. The summation in (7.15) is over all values of N = 1,2,..., K and all
Greek indices have the values 1,2. The functions 8, 6,,4,.., depend on {,t and 8,,4,..ay iS
completely symmetric in its suffices. Then, for a rod-like region bounded by the surfaces (6.4)
and { = a, B, from the energy equation (7.14) we can derive the equation of balance of energy
(3.8) for a directed curve provided we make the identification

A€ =ff pe*dtde?, (7.16)
in addition to (7.8)«(7.13).

8. RESTRICTIONS ON HEAT FLUX VECTORS AND INTERNAL ENERGY

Suppose that the three-dimensional rod-like body is in equilibrium with v*=0 and all
response functions are independent of the time. As part of their thermodynamic restrictions on
constitutive equations, Green and Naghdi[1] have adopted the classical inequality

_q*g*go or __p*.g*go’
8.1)
g* = grad 6*

for all time-independent temperature fields. Integrating the inequality (8.1), with respect to ¢’
and {2, we obtain

—”g"zp* -g*d{'di*=z0. 8.2)
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With the approximation (7.15) for * and with the help of (7.12), and (7.13), it follows from (8.2)
that

A ZN O r..con oy ary + KOO + % Kasas. . sy a9 =0 (8.3)

for all equilibrium displacement and temperature ficlds. With the above motivation, we add an
inequality of the form (8.3) for all equilibrium states to the thermodynamic inequality (5.4)
which was derived directly from one-dimensional postulates.

Next, suppose that the Cosserat curve R is at rest with

v=0, w,=0 (8.4)
for all time and with the deformation gradient, director and director gradient each constant for
all time. Then, by (2.12), p is independent of t. In addition, we restrict the temperature fields to

be spatially homogeneous so that 6 = 6(t), 04,0,.ax =0 (N =1,...,K). Keeping these con-
ditions in mind, from a combination of (3.7) and (3.9) we have

A (r + 2;5 ralaz...aN) -9 (h + EN halaz...aN> / ol = Aé. 8.5)

In view of (8.4), no mechanical work is supplied to the Cosserat curve &. Then, using (8.5), the
heat supplied to a part & = = B of the material curve of & during the time interval t, =t <t, is

] 8 8
*= J’ {f (r * 2 ralaz“.aN)P ds - [h t 2 hu]az...uN] } d
] a a,N aN a

8 ¢
=f pe ds

Suppose that the rod is in thermal equilibrium during some period up to the time ¢, with
constant internal energy e, and constant temperature 6 = . We assume that whenever heat is
supplied to the part a =¢ =B under the above conditions, the temperature 8(¢) throughout the
part will be increased, i.e.

(8.6)

4

[6]12>0  whenever ¥ >0. 8.7

Provided that pe is continuous and remembering that p, which is independent of ¢, is positive
and «a, B are arbitrary, it follows from (8.6) and (8.7) that

8t)~8>0  whenever €(t)—e; >0 (8.8)

for all t > ¢,.

9. SYMMETRIES

In the rest of this paper we restrict attention to the case in which K = 1 in the earlier part of
the paper (Sections 3, 4 and 5) so that we consider only three temperature fields 6, 8,, ;. The
inclusion of the two temperatures 6,0, allows us to take some account of temperature
variations across the thickness of the rod but the more general situation K > 1 can be dealt with
in a similar way. We also restrict attention to rods which in a reference configuration are
straight. We therefore consider the form of the Helmholtz free energy function in (4.13) which
is such that the rod described in Section 2 models the main features of a three-dimensional
elastic rod which has the following properties in its reference configuration: (i) It is straight with
constant cross-sectional areas normal to the line of centroids of sections, (ii) each cross section has
two orthogonal axes of symmetry through its center of mass, (iii) it is homogeneous and of constant

SS Vol. 15, No. 11—B
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temperature, (iv) the material of the rod possesses rhombic symmetry with respect to orthogonal
axes of symmetry and the line of centroids.

We choose the initial reference curve C to be along the direction of the constant unit vector
e3, and the initial directors in their reference configurations to be specified by

Di=Die;, D,=Dye, 9.1)

where ej,e; e; are a constant orthonormal system of vectors. Also, Dy, D, are nonzero
constants in line with (i) and (ii) above. The Helmholtz free energy function (4.13) then reduces
to the different functional form

Y= l[f('Yij, Kais 0, 61, 625 Dy, D>), 9.2)

which by virtue of (iii) does not depend explicitly on 0, {. Moreover, recalling (6.5), our theory
models a three-dimensional rod-like body which in its reference state has a position vector R*
specified by

R* = le; +{'Die; + {*Dse,. 9.3)

Materials with rhombic symmetry with respect to the three directions e; contain three classes,
namely rhombic-pyramidal, rhombic-disphenoidal and rhombic-dipyramidal.t For each of these
classes, it can be shown that the three-dimensional energy function for an elastic material is
also form-invariant under the three separate coordinate transformations

@: '--¢', )y -7, @) (~-L 9.4)

The conditions (9.4) are those which arise from symmetry restrictions usually called orthotropic
symmetry. In the direct formulation of the theory of rods under discussion, we replace the
notion of rhombic symmetry by that of orthotropic symmetry with respect to three orthogonal
vectors e;. Therefore, we further assume that the one-dimensional energy function (9.2) is
unaltered in form under each of the transformations (a)-(c) listed below:

~ Di»=Di, D>Dy dimo—di, drody,
@ 08, 6,——6,, 6,-0,,
i.e. under the transformation
G ={y12, y3, K12, K21, K13, 01, Di} > — Gy,
Y2y, Yoo Yn, Y Y:h, YnYn, 9.5)

K=Ky, Kn=Kz, Kn—kn, 06-0, 0;-0,
Dy»—-Dy, Di=»Dy, dy—>—dy di—d,

050, 6,-—0;, 6,-6,

i.e. under the transformation

(b):

G = {¥12 Y23, K12, K21, K23, 03, Do} > Gz,
Yu=>%Yu, Y27>Yn, Y1V, Y3 Y, 9-6)
Kit ™Ky, Kn=Kn, Ki3—>kp, 06, 6,-06,
and
Di\»Dy, D:—>D; Dy—>-D;, di>~ds, di—d;, dy>dy,
00, 6,6, 6,-06,

(c):

1See, for example, Green and Adkins[8] which contains additional references on material symmetries.
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i.e. under the transformations

Y32~ Y13, YR > Y23, K Ky, K> K, K> T K, KT K,
Y=Y, Y=Y, VY3V, Kiz Kz, K> K, 6.7

9—)0, 01*01, 02—>02.

Next, in view of the condition (ii), we assume that ¢ in (9.2) is unaltered in form under the
transformation

d): e>—e, er—e e3—e3
i.e. under the transformations
Di»-Di, Dy-»Ds ¥~V Kia 2 Kiew 00, 6.0, (9-8a)
and ¢ is unaltered in form under the transformation
(e): €€, €©>—6, €6,
i.e. under the transformations
D> Dy, Dy—»—Dsy, ¥i=%Vi Kia2Kiay 020, 0,0, (9.8b)
A similar discussion may be carried out for the functions ¢, &, &, k, k. except that each of
these functions may depend on 36/3¢, 36g/3¢ in addition to those specified in (9.2). In view of
the energy identity (3.12), we assume that £, £.0,, kd0/dL, k.80/3¢ for a =1,2 are each

unaltered in form under the transformations (9.5)-(9.8). To each of the transformations
(9.5>-(9.8) we add, respectively, the transformations

(a): 08/9¢ > 36/3¢, 80,/0 > —00,/0L,  36,/3L > 38,/¢

(b): a6/a¢ — 6/¢, 30:/0L — 30,/3¢, 302/0 > — 302/8¢,

©): 36/3 >~ 30/3L.  38a]3L > — 30,13L, 09
(d) and(e): 36/3¢ — 36/d¢, 36,13 - 36,/3¢.

After applying invariance conditions to ¥, &, £, k, k. using (9.5)49.9) we specify the initial
directors to be coincident with the unit vectors e, e,, i.e.

D=1, D=1 (9.10)

In order to make the above conditions explicit we limit our attention to the linear theory of a
thermoelastic rod which is in equilibrium, unstressed and at uniform temperature in its
reference configuration. For this linear theory the position vector r, directors d, and their
corresponding velocity fields assume the forms

r=R+ll, di=Di+8—i’ vzﬁ, wa=$¢n
- ©.11)
u=ue, O6,=38, v=le w,= 5ajej

and we replace § by ®+6 so that 0, 8,, 0, are small and ® is the constant reference
temperature of the rod. Using (9.10), the kinematic measures of deformation become
yi=e 8 +e- & =8+5,
(9.12)

Kai = 86,0, 83 = dufaL.
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The response functions n, m,, p, and external fields f, 1, are referred to the orthonormal basis
€. Thus

n = n;e, To = Mai€iy Pa = Pai€is
(9.13)
fzft'eb Lo =l
and the relations (4.16) simplify to
a 0]
n;=2 YOS a — 5 s
3T v P 0Ya3
s £
Trap + g = 4p ayl/; . Pu=p é}i 9.14)
_a __ M

"? = 86 s na - 694

where p is now the constant reference density and in evaluating (9.14), 5 the response function
4 is regarded as a function of vy,3 and (1/2)(Yap + ¥s.). The equations of motion (2.12)—(2.15) are
replaced by their corresponding linearized forms in terms of n;, 7,; and p,; with A = p, and the
linearized entropy balance equations still have the forms (3.7) with A = p. All these equations
are listed below in four groups.

We omit detailed discussion of the invariance conditions satisfied by #, which is now a
quadratic form in vy, k., 6, 6, but note that the final results separate into four groups
corresponding to flexure (2 modes), extension and torsion of the rod. Similarly the symmetry
restrictions on £, &, k, k., which are now linear forms of degree one in vy, k., 6, 6., 36/3( and
86,/9¢ place these functions in the same four categories: In addition, these functions are subject
to the identity (4.7), which in the present context becomes

p(0 + )¢ + p8i&) + pBakr + k] oL + k1 80:/3L + k2864/3] = 0, 9.15)
and the inequality (8.3), namely
polél + p@zgz + k30/0§ + k130]/a£ + k2302/a{ =0. (9.16)

Symmetry restrictions of the type considered in this section must also apply to the kinetic
energy (2.5) so that the inertia coefficients y*® reduce to

1 12 _

yl=a;, y?=a, yP=y"=0, 9.17

where for a homogeneous rod, «,, a; are constants. The Helmholtz free energy function  can
be expressed in the form?

U =dritdpr+ e +yr 9.18)
where the subscripts F1, F2, E, T attached to ¢ on the right-hand side of (9.18) refer to the
four modes of deformation mentioned above and we recall that we adopt the values (9.10) for
D,, D, after the discussion of invariance. The values of the constituent terms in (9.18) are listed
below and we also include the notation m,, m,, m; for the components of the couple m acting
over any section { = constant of the rod where

m = m;e;. 9.19)

All response functions m;, a, Dai» & & k, k., are assumed to vanish in the reference

11In (9.18), as well as the rest of this section, we use the same symbol for a function and its value.
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configuration. The identity (9.15) and the inequality (9.16) are also used in obtaining expressions

for ¢, &, &, k, k.
Flexure F1

2pur1 = ksyhs + kisks + kaskz302 + kao(62)°,
1
mn=ny=Kksyn,  mi=pn=Kkiskzs +3 kas6,,

P2 =—kanb, '% kaskas, 1=Ciknt 0y, E=6f ko= 2009,

Yo =83+ 0uldl, ka3 = 86n/3¢,
analdL + pf2 = pd*uylot?,
am 3¢ — ny+ plys = pa28*82/at%,
pamalat = p(s2+ &) — 9ka/ 3,
62 =0, e, =0.

Flexure F2t
2002 = keyhs + kisic s + kaar 1301 + kio(81)%,

1
mi3 = Ny = Key3, m2=—P|3=—k16K13—§k2491,
1 o
pm= ’k1901—§k24'<13, Ei=biki+ b0,  E=D:0,,  ki=e130,/0¢,
yi3=8n+amldl,  xi3=3813/3¢,
am[dL + pfy = pd*uylat?,
amafdL + ny — plys = — pa, 8283/ 0t?,
pom/at = p(s\ + &) — oki/d¢,
52 = 0, e = 0.
_ _ Extension E}
200 = kyyh + kayh + kayh + ksyuyn + ksyuys + keynyss
+kiokdi + ki + kg + kaiyu8 + kaoy8 + kasys8 + kis(),
i =2kyyn+kryn+keyn+kn,  wn=kyyn+2kayn +keyss + ka2,
n3 = ksyn +koya + 2kyyss + kyb,

1 1
P11=k10K11+§k17K22, Pzz=§k17Kn+an22,

1 1 1
£=0, pn =“Ekzn'n"Ekzzvzz—ikzs')’sz—kls(’, k = g196/d¢,

yiu =28y, y2=282n,  yn=20usld(,
ki =080/0f,  kn=036nldL,
anslot + pfs = pdtuslat?,
apnldL + plyy — miy = pe13*811/0t%,
ap2nldl + plyn — T = pad*8nldt?,
pinlat =ps —aklaf, £1=0.

1This corrects two misprints in eqns (9.5),7 of Green et al.[5).

9.20)

9.21)

9.22)

$In writing the coefficients k; and k, an overbar is used to avoid confusion with the entropy fluxes ki, k; in F1 and F2.
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Torsion T

1
2p0r = ] ka(yiz+ y21)? + kiak §2 + kiax g + Krakporcan,
1
T2 = T =§k4(‘y|z+’)'21), Dt2—Pn = ms,

1 1
P12=k12K12+§k|4K21, P2 =k13K21+§k14K12,

- _ _ (9.23)
Y12 =y =612+ 821, K1z = 3812/3¢, K21 = 3621/9¢,

31212/3{ —mt PIl2 = Palazglz/atz,
apnld¢ — ma + ply = payd*syfot’.

10. STRAIGHT ORTHOTROPIC ROD

We consider the special case in which the direct theory models the main properties of a
straight three-dimensional linearly elastic rod whose line of centroids is along the constant unit
vector e;. Each section of the rod is symmetric with respect to two directions specified by
constant unit vectors e;,e,. In addition the rod is orthotropic with respect to the constant
orthonormal basis e; = (e, €2, e3) and it is homogeneous with constant density p*. The coor-
dinates along the basis e; are denoted by x; = (x, y, z), the constant reference temperature by 4
and 6* is temperature which is zero in the reference state. If u* = u*e; is the displacement
vector and ¢; the linear components of the strain, then

5= (ut ¢ +uf-e) =3 (uly+ ub), (10.1)
where ( ); = d( )/dx;. The Helmholtz free energy function ¢* now takes the form

1, 1. -
p*y* = 2 cheijen — cije;0* — 2 p*(c/6)0** — p*neb*, (10.2)

where .
ci=ci, ch=cl=cl=ch. (10.3)

The coefficients ¢, 1o, cij, cli are constants and, since the rod is orthotropic, the only nonzero
components aret

cn cm o cil, €3, B, B, B, o, B ofi ol (10.4)
The corresponding components of the stress tensor ¢; and the entropy n* are given by
ti = ¢l e — c;0*, p*n* = cie; + p*(cl)6*. (10.5)
Also, the heat flux vector q* and entropy flux vector p* have the forms
q*=06p*, p*=ple, pt=-(dj0)6}, (10.6)
where d; =0 if i# k and d;; are constants. For an elastic body
pE*(0 +0*) =—p*-g*,  g*=grad §* (10.7)
and if only linear terms are retained in £*, then
& =0, (10.8)

tSee Green and Zerna[9, Section 5.4).
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The position vector of points in the rod in its reference state is given by
R* = x;e; = xe; + ye; + ze3 (10.9)
and this corresponds to (9.3) with x =¢', y = {2, z={ and D, =D, = 1. The integrals in (6.6),
(6.7), (6.8), (6.9), (7.8)7.13) and (7.16) are all with respect to cross-sectional areas in the
reference configuration of the rod and their boundaries
F(x,y)=0, (10.10)
with A = e; and A* =0 in (6.10). Then, from (6.6) with ' =x, {*=1y, {* =z, we have

p=p* A=p=Ap* Aa;=Ay"=p*L, Aay=AyZ=p*l, (10.11)

A=IJ dx dy, Il=J'J y2dx dy, Iz=fszu dy, (10.12)

the integrals being over any cross section of the rod.

In order to make identification of the thermoelastic coefficients occurring in the direct linear
theory in (9.20)-(9.23) we make some use of the linear results (9.11) and (9.12), together with the
approximations (6.5) and (7.15). Thus,

where

u* = u+x8, + y6, = (u; + x81; + ybx)e,
0% =0 +x0,+y0,, (10.13)
Yi = gz’j + & &3 = duilaL, Ko = 88,/ 0L.
We consider first the thermal coefficients in (9.20)-(9.22), some of whose values may be
identified by a direct use of the formulae (7.8), (7.11)<(7.13) and the results (10.5),, (10.6), (10.7) and

(10.13). For the coefficients k9, k29, k24, k2s We compare simple constant temperature fields 6, 8,
and zero stresses, with the corresponding three-dimensional solutions. Thus

=0, Cr=Cy=—Adnl(pf), e;=—I,dy/6,
* 1132

too = =1 225+ (s - E5)
7] §33

) 1.2 2y
FI: + 2611622(s $-3 ?;%”) + (sz)z(sg - —‘(i%) )] , (10.149)

11 7]
_ 11833+ €833
kzs——211[033+——'—sgg s

F { b, =0, by=by=—Adnl(pf), e =—Idx/8,

(10.15)
kio=kaob/li, k= kashll,
ky=—Acn, kn=—Acn, kn=—Acn, kig=-p*Acl,
E: - (10.16)
g1 =— Ady/8.

where the coefficients s, are defined in (10.18) below.

Turning to the mechanical coefficients ki, ..., ki7, we note that values for many of these
have been given for isotropic rods by Green et al.[5]. Here we follow similar procedures but
now applied to orthotropic rods which also have two geometrical axes of symmetry in each
cross section. We consider first the flexure groups F1 and F2 in (9.20) and (9.21). A comparison
of the solutions of eqns (9.20) and (9.21) for the problem of pure bending of the rod by couples
over its ends, with the corresponding solution of the three-dimensional equations suggest that
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we take
F1, F2: k|5=Il/S§g, k16=I2/sgg9 (10.17)

where s are the inverse coefficients to c&, defined by
shep" = % (88" + 88", (10.18)

where &/ is the Kronecker delta and s are subject to the same symmetry restrictions as cZ in
(10.3). When the rod is isotropic the values (10.17) reduce to those given by Green et al.[7] and
Green et al.[10]. In order to specify values for the remaining coefficients ks, ks in F1, F2, we
consider the complete solution of the static isothermal problem in F2 in which the rod is
unloaded along its major surfaces. Thus, from (9.21), when f; = [;; = 0, the static equations may
be integrated in the form
n =N, my=M — Nz,
- N2 M Nz* Mz <N

di3==——-—+R, u|=_6kl6 m+ k—G—R)Z+S

(10.19)

where N, M, R, S are constants. This represents the solution of the flexure problem in which a
beam of length [ in the region 0 =z =/ is loaded along an axis of symmetry in the x-direction
by a load N. If the couple is zero at z = and the rod is clamped at the end z = 0 so that u; =0,
513 =0 there, then

- N N
my=N(l - 2), 513=k—:(?2-—1), "y = 2km(1——) kj (10.20)

The coefficient ks only appears in the expression for the displacement %, so that in order to find
a suitable value for ks we must consider the complete three-dimensional flexure problem
including displacements. The flexure of a symmetric orthotropic rod by a force N at the end
z =1, along an axis of symmetry in the x direction, is specified by displacements

3
=N - sBy-o+ BB (D),

Ns
v* = 1¥533

(l 2)xy, (10.21)
w* = _IE {sﬁ(lz —% z’)x +d(x, y) + nyz} — Px,
2

where P is a constant representing a rigid body rotation and L is a constant given by

1
S e (10.22)
§233 813 st
Also,
23 d q> d)
sHo7 tsid 3;1 =0 (10.23)
subject to the boundary condition
22+ (L+s3)y —%s;;xz}s§a+m{é_+<z;,- By Jsti=0 1024

over the surface (10.10), where (I, m) are direction cosines of the outward normal to this
surface. Recalling the approximation (10.13) for w*, from the comparison of (10.21),; with
(10.20) we again obtain the identification (10.17), for k. In view of (10.20); we choose the rigid
rotation P in (10.21)s, and the function &, which is even in y and odd in x and is arbitrary to the
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extent of an additive constant, so that
®0,00=0, P=-N @g@ / L. (10.25)

Then, comparison of (10.20); and (10.21) at the end z =0 of the rod for small values of x,y
yields P = N/kg¢ so that

d9(0,0)

F2: kc‘—“lz ox

(10.26)

Analytical solutions for the flexure problem specified by (10.23) and the surface condition
(10.24) may be found for a number of simple cross sections of the rod. We merely quote the
final value obtained for k¢ for a circular cross section of radius R, namely

aR¥(3s 3+ 5%

F2: k6=4S }g(4s }g+2sgg+s§3f. (10.27)
Similarly, when the section is circular, for flexure F1 we have
) _ aR¥3sH+sh
Fl. k5—4s%§(4s%§+2sg+s;}'. (10.28)
When the rod is isotropic, these reduce to the common value
ks=ke=2umR*(1+v)/(3+2v), (10.29)

where v is the Poisson ratio. This may be compared with a value
6pmRY 1+ v)}(7+ 14y + 819

found by Green et al.[5] by a different procedure which is slightly greater than (10.29) for
values of v in the range 0= v < 1/2.

For the torsion group T we compare first the solution of eqn (9.23) with the Saint-Venant
torsion problem in linear three-dimensional theory in the manner described by Green et al.[10].
In the present context, for an orthotropic rod, this leads to the choice

TI k12 = k13, 2k12 - k14 = @, (1030)
where @ is the classical torsional rigidity for the rod. With the choice (10.30), the isothermal

static equations in (9.23) divide themselves into two groups, namely

1 o
m;= (klz ) kl4)a(812 =60z,  am3az+p(l~1l)=0 (10.31)
and

1 - - .
putpa= (klz t3 k14)3(512 +8)/9z,  mi=mn=kyb12 1+ 821),
(10.32)
[0(p12+ pa)fz] = 212+ p(l12 + 120) = 0.
We now consider the three-dimensional solution for dispalcements and stresses given by

uf=Lyz, u} = Lxz, u}=0,
(10.33)
t=2ciiLz, tis=LcRy, tr3=LcHx.

The system of stresses in (10.33) is in equilibrium and can be maintained with suitable surface
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tractions. Corresponding to this we see from (10.13) that an exact solution of eqns (10.31) and
(10.32) is

3_12 = 521 =Lz, plia=ply = w1, = my,

1 (10.34)
Ptpu= 2(k12+§k14>L, T2 = 731 = 2k4Lz.
With the help of (6.7), (6.8) and (10.33), we make the identifications
pitpu= e+ LeBL, m=2Ac Lz (10.35)
This leads us to choose
T: k12+%k,4=%(llc{§+bc§§ ) k= Acli. (10.36)

A complete set of torsional coefficients is given by (10.30) and (10.36).

Finally we consider the extension problem governed by eqns (9.22). Following Green et
al.[5], the values of many of the coefficients can be specified by a comparison of static solutions
of (9.22) with homogeneous deformations of the three-dimensional rod. This yields the values

1 1 1
kl=ZACHa k2=ZAc%%9 k3=2Angy
E: . : | (10.37)
k7=§A6‘55, ks=§AC§§, k9=§AC§§-

When the rod is isotropic, the results (10.37) reduce to those given in Green et al.[5]. Next, we
consider the three-dimensional solution for displacements and stresses given by

_1
2

th=(HL+chM +ciiN)z, 1, =0,

tr=(cpL+cBM+cHN)z, ti=ciilx,

ty=(cHL+cBM + c3N)z, tz3 = c3MYy,

uf=Lxz, ui=Myz, u%¥=zNz}

(10.38)

where L, M, N are constants. The system of stresses in (10.38) satisfies the equations of
equilibrium if

(cB+ L+ (cB+cHM+cBN =0, (10.39)
and can be maintained by suitable surface tractions. Recalling the expressions (10.13), it follows
that the corresponding results in the direct extensional theory (9.22) are:

yu=28u=2Lz, yn=26n=2Mz, vy =20us/dz =2Nz,
Ky = L9 K2 = M9
plii =71 = A(cliL + ¢ M + ¢iiN)z,
ply = 7= A(cHL + cHM + ciN)z,
pfs+A(cHL+cBM +c3iN) =0,

1 1
Pt = kL +§k17M, Pzz=§k17L+an-

(10.40)

With the help of (6.7), (6.8) and (10.38) we make the identification

pu=hLeBL,  pn=ILciM. (10.41)
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Comparison of (10.41) with the corresponding expressions in (10.40) leads us to choose
E:  ko=heBl, ku=IeB, kn=0 (10.42)

for the values of ki, k11, k17- A complete set of values of coefficients for the extension problem
are contained in (10.16), (10.37) and (10.42).

When the rod is isotropic and has circular cross sections of radius R we see from (10.30),
(10.36), (10.37) and (10.42) that

1
k1o=k11=k12=k13=2“7TR4, kia=ki7=0,

(10.43)
ks =2k, —k; = umR%

Previously (Green et al.[10]), all constitutive coefficients in the case of an isotropic rod of
circular cross section were determined except ko, ky; and k5. The above more general
development, which is valid for orthotropic rods of circular cross section, upon specialization
also provides appropriate values for the coefficients ko, k;; and k;; in the isotropic case.
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